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X,  Introduction 

The  purpose  of  thio  note  lc  to  give  a  method  for  aolvin g  a  problem  relate., 

to  tha  traveling  salesman  problem.  It  aeema  worthwhile  to  give  a  description 

* 

of  tho  original  problem. .  One  formulation  le  to  find  th*  shortest  route  for  a 

salesman  starting  frcn  Wsshington,  via i ting  all  the  atate  capitals  and  t  an 

** 

returning  to  Washington.  More  generally,  to  find  the  shortest  oloaod  curve 
containing  n  given  points  in  the  plane. 

Clearly,  it  la  sufficient  to  consider  curves  made  up  of  line  aegaente 
Joining  pairs  of  the  given  pointB.  Alao,  unless  all  the  polnta  lie  an  a 
straight  line,  the  optimal  path  will  not  pass  through  eny  point  twice.  Henoe 
the  problem  can  be  utated  aa  follows: 

/urrange  the  n  points  in  a  cyclic  order  so  that  the  sum  of  the 
distance  between  consecutive  points  la  a  minimum. 

In  this  statement  of  the  problem,  arbitrary  real  maabera  can  be  aa signed 
aa  the  "distances"  between  ordered  pairs  of  distinct  points.  Thus,  the  "distance" 
from  A  to  B  need  not  be  the  same  aa  from  B  to  A.  We  ahull  sometimes  refer  to  the 
"length"  of  A3  instead  of  the  "distance"  from  A  to  B. 

f^nce  there  are  only  a  finite  mraber  of  paths  to  oonaider,  the  problem 
consists  In  finding  a  method  for  picking  out  the  optimal  path  when  n  is  moder¬ 
ately  large,  cay  n  «•  30  In  this  ciso,  there  are  more  than  10^  possible  paths, 
so  vo  can  not  simply  try  them  all.  Even  for  as  few  as  10  points,  some  short 
cute  are  desirable. 


if  Actually,  the  problem  may  go  back  to  V.  R.  Hamilton.  See  R.  W.  Ball: 
Mathematical  Kecreatl fna  on  the  Hamiltonian  game. 


In  this  paper  I  shall  not  be  concerned  with  the  various  possible 
applications  of  the  problem  solved  here. 
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2.  Ctatcmont  of  the  problem 

An  unsuccessful  attempt  to  solve  tha  ab  ove  probleri  lad  to  a  solution  of 
the  follovlng: 

Given  n  points  and  all  the  "distances”  between  ordered  pairs  of  distinct 
points.  Tho  problaa  is  to  find  a  ays  tea  of  ordered  circuits  such  that: 

i.  Each  point  lies  on  exactly  one  circuit, 

ii.  Each  circuit  contains  at  least  2  points, 

iii.  Ho  circuit  passes  t trough  the  sane  point  wore  than  once, 
lv.  The  total  " length"  cf  the  circuits  is  a  minimum. 

However  at  first  glance,  it  looks  more  difficult  than  the  traveling 
salesman  problm,  for  there  are  obviously  many  more  systems  of  circuits  than 
circuits.  Actually  the  topological  characterization  of  a  system  of  circuits 
is  much  simpler  than  that  of  a  single  circuit  and  can  be  used  to  solve  this 
problem. 

The  method  presented  hero  of  handling  this  problem  will  enable  us  to  oheck 
vhether  a  given  systsja  of  circuits  is  optimal  or,  if  not,  to  find  a  better  one. 

I  be  Have  it  would  ba  feasible  to  apply  it  to  u  many  as  ?0  points  provided 
suitable  calculating  equlpnent  is  available. 

3.  fioacrlptiaa  of  the  method. 

Humber  tha  points  1,  2,  ...,  n.  ?ut  T>  =  |idj^||  ,  where  dj  is  the  distance 
from  t  to  j,  djj  =  0.  Let  A  be  the  eat  of  directed  segments  ocsnprlsing  the 
proposod  system  of  circuits.  We  wish  to  determine  if  this  system  ia  optimal  or, 
if  not,  to  find  a  better  system. 

Construct  the  auxiliary  matrix  S  =  ||Bj  <|j  ^  fallows: 

Eor  each  i,  determine  i'  so  tliat  il'  t  J  .  Then  put, 
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o 


and 


’ll- 


+  oo 


"ij  =  4J1'  *  dil' 


for  3  4  1'  . 


Nov  think  of  the  S  -matrix  as  covins  new  "dlstancee"  between  tho  given 
points  and  look  for  a  closed  circuit  of  negative  3-length.  If  there  le  ouch 
a  circuit,  It  will  have  from  2  to  n  point*.  Suppose  U  «.  1  In  a  cir¬ 

cuit  of  native  S- length.  Then  make  up  a  now  system  of  circuits  /  by  modify¬ 
ing  j  in  the  following  way: 


B  amove 

Vo 

mI 


Add 


ill 

lzi\ 


The  new  system  of  circuits  J  ,  thus  obtained,  lias  a  shorter  total  D- length 
than  ^  .  In  fact,  if  ve  let  ,A,(  J  )  be  the  length  of  0~  measured  by  the 
matrix  A,  then 


^u')  -  *  sll)  • 

We  then  apply  the  earns  procedure  to  J  . 

Suppose  ve  can  not  find  a  circuit  of  negative  S-length.  Then  ve  attsmpt 
to  shev  that  -J  is  optimal.  To  do  this,  enforce  the  triangle  inequality, 
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I 

8u  *  8u +  Yr*  that  l8' lf  8ij  >  8ik +  8kj  8ij  8ik +  v  ThM8 

replacements  cui  be  carried  out  In  a ny  order. 

If  a  matrix  la  eventually  obtained  for  vhich  the  triangle  Inequality  ho  Ida, 
then  J  la  the  best  system  of  olrcoita.  If  not,  there  must  'ie  sons  olroult  of 
negative  E- length.  To  find  one,  vs  must  keep  traok  of  the  ohenges  Bade  In  the 
S-mabrix.  7 or  example,  under  the  1,  entry  In  the  S -matrix,  write  ( 1  j) .  Them 
lf  s^  Is  replaced  by  eik.  +  s^,  replaoe  the  (1J)  by  (lkj).  Similarly,  lf  e^j 
Is  replaced  by  s^^*  ttPl\y  thwi  (1KJ)  by  (1H/MJ).  (Hers  K,  H  and  M 

gt. 

are  finite  eeouenoea  of  numbers  from  1  to  n.)  Thus,  the  entry  In  the  1, 
place  will  always  be  the  length  of  the  path  Indicated  from  1  to  J.  If  there  Is 
a  negative  olroult  In  the  G -matrix,  then  at  sane  stage  a  negative  number  can  be 
put  on  the  main  diagonal  of  the  modified  S -matrix.  We  can  then  easily  obtain 

1 

the  corresponding  circuit  In  the  G -matrix. 

4,  a  numerical  example 

/Vs  an  example,  we  taka  a  set  of  six  points  with  the  following  distance 
matrix: 

0  1  4  2  3  7 

605219 

4  8  0  7  2  6 

5  5  5  0  4  8 

6  1  5  7  0  4 

3  9  12  6  0 

•f  ~~~ 

4>  1,  J  and  k  need  not  be  distinct. 
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r 

\»  a  ftr«t  trlnl  ayato*  of  circuit*  js!  talc®  th®  tiro  circuit®  12531  and 


464.  Than  /  =  }  12, 

25, 

53,  31 

,  46, 

64j 

.  Hence  1'  -  2,  2‘  «  5,  3*  «  1, 

4*  =  6,  3'  «  3  and  3* 

=  1. 

Next  oonatruot 

the  S  -matrix ; 

0 

4  30 

+7 

44 

0 

♦7 

0 

+1 

+3 

4» 

+5 

>2 

0 

+1 

42 

-1 

-1 

+1 

-2 

0 

-4 

-1 

0 

4  «o 

0 

0 

-4 

0 

0 

♦5 

+  no 

+5 

0 

S 

•i* 

We  now  look  for  a  cloned  circuit  of  negative  S- length.  After  a  few  trlale,  / 

we  find  the  circuit  Cj  =  456234  with  S- Length  ■  -6.  Wo  obtain  &  front  Jl  by 
maoving  46,  53,  64,  25  and  31  front  J  and  adjoining  36,  63,  24,  35  and  41.  We 
then  obtain  the  S  natrix: 


0 

4<C 

♦7 

44 

0 

46 

0 

0 

+5 

4  OO 

45 

0 

46 

-1 

0 

42 

40 V 

44 

*<& 

4l 

-1 

0 

41 

-2 

+3 

+5 

42 

44 

0 

470 

♦3 

44 

4  07 

44 

44 

0 

Since  ire  do  not  find  a  negative  circuit  In  S',  ve  try  to  enforoe  the 
triangle  Inequality,  keeping  track  of  the  changes  ve  make  In  oaae  there  la  a 
negative  circuit.  Ve  give  one  late  mediate  matrix  aa  an  example  and  the  fiiul 
jcs  In  vhloh  the  triangle  Inequality  holda. 


0 

♦5 

+2 

44 

0 

42 

(11) 

(142) 

(153) 

(14) 

(15) 

(146) 

0 

0 

♦2 

44 

0 

0 

(a) 

(22) 

(2153) 

(214) 

(215) 

(26) 

-l 

-1 

0 

42 

• 

-1 

-1 

(321) 

(32) 

(33) 

(34) 

(3215) 

(326) 

-2 

-2 

-1 

0 

-2 

-2 

(4321) 

(432) 

(43) 

(44) 

(43215) 

(46) 

+1 

+1 

42 

44 

0 

41 

(5321) 

(532) 

(53) 

(54) 

(55) 

(5326) 

42 

42 

+3 

44 

42 

0 

(64321) 

(6432) 

(643) 

(64) 

(643215) 

(66) 

Intermediate  modified  matrix 


0 

41 

42 

44 

0 

4l 

(11) 

(1532) 

(153) 

(14) 

(15) 

(15326) 

0 

0 

42 

44 

0 

0 

(21) 

(22) 

(2153) 

(214) 

(215) 

(25) 

-1 

-1 

0 

42 

-1 

1 

(521) 

(32) 

(33) 

(34) 

(3215) 

(326) 

-2 

-2 

-1 

-2 

-2 

(4521) 

(432) 

(43) 

(44) 

(43215) 

(46) 

+1 

41 

42 

44 

0 

4l 

(5321) 

(532) 

(53) 

(54) 

(55) 

(5326) 

42 

42 

+3 

44 

42 

0 

(64321) 

(6432) 

(643) 

(64) 

(643215) 

(66) 

Final  S' -matrix  vith  A  -Inequality  holding 

Hhms  J  la  tha  optimal  aystem  of  oirouita.  It  eooalata  of  the  tea  oirculta 
12*1  and  5563  and  ha a  D- length  =  15 . 

5.  Jlurtlfiaation  of  the  method. 

Firat,  notice  that  a  net  of  n  directed  aegnenta  aatiaflee  i  -  ill  of 


Section  1,  if  and  only  if 
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1.  Each  of  the  n  point*  la  an  initial  point  of  on*  of  ths  ■•gaeata ; 

2.  Each  of  ths  n  points  is  a  terminal  point  of  on*  of  ths  eegncats; 

3.  Eaeh  serpent  is  between  distinct  points. 

To  im  tills,  think  of  ths  tsmlnal  points  as  a  permutation  of  ths  initial 
points.  This  permutation  can  b#  expressed  as  a  product  of  cyclic  permutations . 
Those  ar*  ths  circuits . 

This  insures  that,  if  there  is  a  olroult  C  of  nsgatlve  3 -length  and  if 
la  obtained  fran  #  by  ths  rule  given  in  Seotion  3,  then  j  will  also 
bs  an  admissible  systsai  of  olreults .  This  is  dear  since.  If  a  sequent  vlth 
initial  point  a  is  ranoTod,  one  is  aliio  added  and  conversely.  Slnilarly, 
for  the  terminal  points.  Hence  1  and  2  main  satisfied.  Furthermore,  if  <3 
Is  of  motive  3-length,  it  can  not  contain  any  ■  entente  in  oaason  vlth  Jf , 
for  these  have  5 -length  ♦  &  ;  therefor*,  ths  seoMnte  added  to  J  are  betvem 
distinct  points . 

Let  C/  =»  iQi1 . .  ,1^,  Thon 


4<£) 


-  6i  lx  +  *1,1, 

0 


+  0 


Vo 


<diri: 


di  i’> ♦  -  *i.i:) 

0  0  x  *  1 


+  (A1  K 

o  k 


•  •  v;1 


<*m:  *  ai.i 


•aii 


*  V>  - (* 


1 1  *  v»; 

0  0  x  1 


Hsnce  ( af  )  -  {4  )  =  £«.  ( d  ) .  Thu* ,  vs  see  that  if  thsro  ie  a  oircuit 
of  negative  8 -length,  then  </  is  not  an  optimal  system  and  ve  can  construct 
a  system  /  of  shorter  total  length. 

Conversely,  if  /  is  rot  optimal,  then  w  vlll  shoe  that  there  is  a  oircuit 


e 

k> 
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( 2 /  of  negative  S-length.  Let  be  a  aywtnm  of  oirouite  of  ehorter  total 
D- length  than  Jj  .  Let  (i,  be  the  aet  of  ee(gaenta  In  sJ  but  not  In  Jf' '  and 
C  be  the  aet  of  aes&ente  In  ^  but  not  In  -J  .  Let 

x  -  { ‘oC  . .  Then  &  oonaiat  of  a  aet  of  aegaaute 

with  the  aame  Initial  points  aa  in  ,  with  the  a  an*  terminal  points  and  the 

j(P  r  I  •  > 

same  number  of  aegsente .  Hence  let  *>'  =  j  Jq1o  ,  ....  j  ,  where 

J0#  Jit  ....  ^  i«  a  permutation  of  1q,  1x,  ik  .  Then 


v>  ■  v>  ■  <v:  •  v:> 4  <v;  •  w  *  «*v*  ■  v;> 


=  a.  .  ♦  ,  +•••♦•«. 

Vo 


\ 

\ 

k  \ 


Erprea*  th«  pemutation  I  w  j  as  the  product  of  cycles*  say 

Vo^-Jk 


»  ^2#  . ^t.  Then  by  rearranging  and  oolleotlng  tens  of 


a.  .  ♦  *.  ,  ♦  •••  ♦  a.  ,  , 

Vo  lx''1‘ 


we  see  that  thla  sum  la  ,)uat 


U  <*> 


where  Cl(  C!?|  ,,,(  C-  are  the  olrculta  oorrwaponding  to  the  cycle*  of  the 
permutation.  Honoe 


f)(  £  )  '  ^T|(^  )  ■  r,(  ■ 
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Glnoe  i  Is  shorter  than  ./  ,  one  of  the  oireults  Ci,  ...  C  ^  suit  hare 
negative  3 -length.  Therefore  d  if  optimal  If  and  only  If  there  la  no  closed 
circuit  of  negative  C-length. 

It  rstialna  to  shov  that  the  non-exlstenoe  of  a  circuit  of  negative  S- length 
la  equivalent  to  the  existence  of  a  nod* fled  3 -matrix  for  which  the  triangle 
Inequality  holds.  Assume  first  that  A  la  a  modified  S-aatrlx  and  that  the  triangle 
inequality  holds  In  A.  Let  ^  be  a  o.trcult  of  negative  5  -  length .  It  corresponds 
to  a  circuit  0  of  negative  A -length.  Let  C  =  •••  ijj*  Then 

C  ~  1  1-  ...  1,  is  also  of  negative  A- length  since  a,  .  <  a.  .  ♦  a.  .  , 

O  K  “  Ijjll  ills 

Hence,  if  there  Is  any  circuit  of  negative  A -length  ve  can  find  a  one-point 
oiroult  of  negative  length  l.a.  for  bools  1,  a^  <  0.  But  this  la  impossible 
since  than  a^  *■  a^  a,i  contrar}'  to  the  asauaptlan  that  the  triangle  In¬ 
equality  holds. 

On  the  other  hand,  If  there  la  no  oiroult  of  negative  3-length  ve  oan 
anforoe  the  triangle  Inequality.  The  resulting  matrix  will  give  In  the  1, 
place  the  3 -length  of  the  shortest  path  frun  1  to  J.  If  there  la  no  circuit 
of  negative  length,  -here  clearly  la  a  shortest  path  batmen  any  two  points. 


